We propose a quantum memory scheme to transfer and store the quantum state of a superconducting flux qubit (FQ) into the electron spin of a single nitrogen-vacancy (NV) center in diamond via yttrium iron garnet (YIG), a ferromagnet. Unlike an ensemble of NV centers, the YIG moderator can enhance the effective FQ-NV-center coupling strength without introducing additional appreciable decoherence. We derive the effective interaction between the FQ and the NV center by tracing out the degrees of freedom of the collective mode of the YIG spins. We demonstrate the transfer, storage, and retrieval procedures, taking into account the effects of spontaneous decay and pure dephasing. Using realistic experimental parameters for the FQ, NV center and YIG, we find that a combined transfer, storage, and retrieval fidelity higher than 0.9, with a long storage time of 10 ms, can be achieved. This hybrid system not only acts as a promising quantum memory, but also provides an example of enhanced coupling between various systems through collective degrees of freedom.
I. INTRODUCTION
Superconducting qubits and related circuit-QED devices [1, 2] with excellent scalability, parametric tunability, and strong coupling with external fields are proving to be a powerful platform for quantum information processing. However, they suffer from decoherence due to inevitable interactions with their surrounding environments. In a complex quantum protocol, superconducting qubits may experience frequent idles times when they are not involved in active quantum gates. During this idle time, to prevent the decoherence of their quantum information, one can transfer their quantum state to an adjacent quantum memory for better protection.
A hybrid system that takes advantage of the fast operation of superconducting qubits and long coherence times of a suitable quantum memory may yield good coherence preservation if the state transfer between them is quick enough, i.e., faster than the decoherence time of either system. The spin of a nitrogen-vacancy (NV) center in diamond, which has a relatively long coherence time even at room temperature [3] , can be a candidate for such a quantum memory. This low decoherence rate also means that the NV center normally only couples weakly to a superconducting qubit. Such a weak coupling leads to a slow state transfer and coherence loss can be significant. Ensembles of NV centers [4] [5] [6] [7] [8] may make the coupling stronger, but at the added cost of increased decoherence caused by internal spin-spin interactions, degrading the fidelity of the quantum memory. * goan@phys.ntu.edu.tw
In this paper, we propose a scheme to transfer quantum states faithfully between a superconducting flux qubit and a single-NV-center spin via the ferromagnetic material yttrium iron garnet (YIG) [9, 10] . YIG has been proposed as a mediator for classical magnetic fields to enhance the sensitivity of a NV magnetometer to achieve single nuclear spin detection [11] . In addition, the large number of spins in YIG with strong exchange interaction leads to collective-excitation modes with narrow linewidths at low temperature [12, 13] . These collective modes are known as quasiparticles or magnons [14] , and have been shown to be capable of coupling to different kinds of quantum systems, such as superconducting microwave cavity modes [13, 15, 16] . Magnons in YIG have also been proposed as a mediator of coherent coupling between two distant spins (e.g., two spatially distant NVcenter spins) [17] . A CNOT gate between two single-NVcenter spins separated by a distance of about 1 µm with operation times of the order of a few tens of nanoseconds has been demonstrated [17] . This shows that a relatively strong coherent coupling between a single-NV-center spin and YIG magnons is feasible. On the other hand, a flux qubit (FQ) can display strong coherent coupling to an ensemble of NV centers exhibiting a collective coupling of ∼70 MHz [8] . However the spin density of YIG (ρ ∼ 4.2 × 10 21 cm 3 ) [13] is almost three orders of magnitude larger than typical NV ensembles (ρ ∼ 5×10 18 cm 3 ) [8] . This suggests that the coupling between a flux qubit and a small YIG sample may be similar or even stronger than between a flux qubit and a NV ensemble. In this paper, we show that we can achieve a substantially large effective coupling between a single-NV-center spin and a FQ by using the magnons in a small nearby YIG sample as a mediator without appreciably sacrificing the transfer and storage fidelity of the quantum state.
When the size of the YIG is small enough, the Kittel mode (KM) of the YIG sample [13, 15] is gapped from the higher-energy modes and thus plays an important role in a low-temperature and low-excitation regime. In our scheme, we find that the effective coupling and the spatial separation between the FQ and NV required to attain these coupling strengths via the YIG can be significantly enhanced. The coupling attained using our proposal is of the order of several tenths of MHz, while the spatial separation can be increased to a few tenths of µm. This represents an enhancement in the coupling strength of 3-7 times over the direct FQ-NV coupling. More interestingly, it also represents a substantial enhancement in spatial separation required between the FQ and NV. For comparison, a direct coupling scheme [18] finds a coupling strength of ∼100 kHz, but requires a minuscule spatial separation of 20 nm. To achieve larger direct coupling strength, strengths comparable to those found using our scheme would require even tinier spatial separations, which may be physically unrealistic. In contrast, in our proposal we are able to expand the spatial separation to a few tenths of a µm scale, which is 10-20 times larger than the separation required to attain similar coupling strengths via direct FQ-NV coupling. Thus our scheme can provide significant couplings over a separation, which is technically far easier to engineer. The quantum state transfer time with the coupling strength found in our scheme is considerably smaller than the decoherence time of the FQ so that fast and faithful transfer can be realized without suffering significant decoherence.
The paper is arranged as follows. In Sec. II, we derive the effective Hamiltonian and coupling strength between a FQ and a NV-center spin from a FQ-YIG-NV-center hybrid system. In Sec. III, we introduce a protocol for the transfer and storage of the quantum state. After that, simulations of the protocol are presented and discussed in Sec. IV, taking major decoherence effects into consideration. Finally, a short conclusion is given in Sec. V. All the details of derivations of equations and calculations are presented in Appendices A and B.
II. MODEL
The hybrid system in our proposal is schematically illustrated in Fig. 1 and contains three parts: the FQ, YIG, and a single-NV center. The noninteracting Hamiltonian describing the individual systems [with ( = 1)] can be written as
where
Here, the FQ is regarded as a typical two-level system described by the Hamiltonian H F in Eq. (2), with ω F the transition frequency of the FQ and σ (z) the Pauli matrix (for details, see Appendix A). The Hamiltonian of the YIG in an external field along the z axis is given by H Y in Eq. (3), where S r are the operators of the spin located at position r in the YIG. The parameter J is the exchange coupling between the spins inside the YIG. We consider the application of B = B L + δB, an external magnetic field along the z axis and which is felt by the YIG and the NV center (see Fig. 1 and 2 ). Here, B L is a local magnetic field generated by a micromagnet [19] without disturbing the FQ (for details, see Sec. IV), and δB is the tuneable magnetic field whose value is set below the critical field of the FQ. The tuneable dc magnetic field could be generated by a coil. The ground triplet states of the NV center is described by the Hamiltonian H N in Eq. (4), where S T −1 is the gyromagnetic ratio of electron spin. To proceed further, let us simplify the Hamiltonians a little bit. There are two single-photon transitions between |0 N and |±1 N in the ground triplet states of the NV-center spin, and their energy gaps are ω (±1) = ∆ ZS ∓ γ e B. We use, for instance, the NV-center spin states |0 N and |−1 N as our storage qubit basis state. In the state transfer stage, this transition frequency is tuned to be resonant with the FQ transition frequency, while the |0 N to |1 N transition is largely detuned (see Fig. 2 ). Further, as shown later, the effective coupling between the FQ and the NVcenter storage qubit can be switched on and off (or very small) by varying the external B field. Here, for the sake of deriving the effective Hamiltonian, we first treat the NV-center spin as a two-level storage qubit by ignoring the far-detuned transition. We will take into account the effect of the existence of the far-detuned NV |1 N state when we run numerical simulations for the dynamics of quantum state transfer and storage processes. We then transform the YIG Hamiltonian from a Heisenberg model to a magnon form with the Holstein-Primakoff transformation [17, 20, 21] and harmonic approximation. As a result, the NV and YIG Hamiltonians can be rewritten as [17, 21] Figure 1 . Schematic illustration of the proposed quantum memory. The FQ is regarded as a two-level system depending on the sign (direction) of its persistent current Ip, and the KM in YIG couples to both FQ and the single-NV-center spin with strengths gF Y and gY N , respectively. The external magnetic field felt by the YIG and the NV center is B = BL + δB (see Fig. 2 ), where BL is a local magnetic field generated by a micromagnet without disturbing the FQ, and δB is a tuneable magnetic field, generated by, e.g., a coil.
where ω N = ω (−1) , and ω k = sJa 2 k 2 + γ e B are the frequencies of the NV storage qubit and magnon mode k, respectively, a † k (a k ) is the creation (annihilation) operator of magnon mode k, s is the maximum eigenvalue of the spin operator S (z) r , and a is the lattice constant of the YIG. For a small-sized YIG sample, the boundary conditions at the surface are of great importance and the magnon modes become gapped.
The FQ and NV interact indirectly via YIG. The coupling Hamiltonian thus has two parts: the FQ-YIG coupling and the YIG-NV coupling. The current in the loop of the FQ generates a magnetic field which interacts with the spins in the YIG. The NV electron spin also couples to these spins by dipole-dipole interaction. Under the rotating-wave approximation (RWA), the coupling Hamiltonian in terms of the YIG collective-excitation modes (derived in detail in Appendix A) reads
are the coupling strength of the FQ and NV with magnon mode k in the YIG, respectively. Here, µ 0 is the vacuum permeability, I p is the persistent current of the FQ, r F (r N ) is the distance between a spin in the YIG and the FQ (the NV spin), N is the number of the spins in the YIG, and θ r N is the angle between the vector connecting the NV and the spin in YIG, and the direction of the external magnetic field. Under the condition that the Heisenberg interaction inside the YIG is much greater than the coupling between a qubit and any single spin in the YIG, the qubit then effectively interacts with the collective mode of all the spins in the YIG. The more spins in the YIG following this condition, the stronger the coupling. If one chooses a YIG sphere with a submicrometer diameter, then the energy levels of the YIG magnon modes are gapped, largely due to its small size. We consider only the simplest mode of the YIG, i.e., the KM [13, 15] , with frequency ω K which is far from both the frequencies of the FQ and NV-center storage qubit. Thus the KM is in a virtual coupling regime with the FQ and NVcenter storage qubit. To account for the overall effect, we use the Schrieffer-Wolff transformation (SWT) to derive the effective Hamiltonian up to the second order in the coupling strengths with the YIG by averaging out the far-off-resonance degrees of freedoms of the YIG. We then obtain (with detailed derivation shown in Appendix B) an effective Hamiltonian between the FQ and the NVcenter qubit as
are the effective frequencies of the FQ and the NV-center storage qubit with frequency shifts
induced by the KM of the YIG, respectively, and
is the effective coupling strength between the FQ and the NV-center qubit. Here, ω K denotes the frequency of the KM. Note that to have a substantially large effective coupling, the detuning (ω F − ω K ) and detuning (ω N + δ Y N − ω K ) appearing in the denominator of Eq. (15) should not be too large. On the other hand, to keep the KM in a regime of virtual coupling with the FQ and NV-center storage qubit, they should not be too small. By varying the external magnetic field, we can control the values of (ω F − ω K ) and (ω N − ω K ). In particular, the change in ω K , due to the variation of the magnetic . By tuning the magnetic field on the NVcenter spin to the value of B = Bres, one can control the transition between |0N and |−1N to be resonant with the FQ (see blue arrow) or to be off-resonant at B = B off . The transition between |0N and |1N is always set to be off-resonant with the FQ, i.e., is set to be a disconnected channel.
field, is opposite to the change of the energy difference between |0 N and |−1 N [in contrast to the same energy change between |0 N and |1 N resulting in no change in (ω (+1) −ω K )]. This makes |0 N and |−1 N a better choice of storage qubit basis states.
III. QUANTUM MEMORY
Next we will use the derived effective Hamiltonian to investigate the dynamics and the fidelity of the proposed quantum memory scheme. There are two stages that we need to consider: state transfer stage and state storage stage.
To better assess and calculate the fidelity of our scheme, we take all the lowest triplet states of the NV spin into account. In this case, the FQ couples to two transitions in these triplets separately and the effective Hamiltonian, given by Eq. (12), becomes
Here in the spin-1 Hilbert space of the NV center, the effective NV spin frequencies are ω N,(±1),eff (B) = ∆ ZS ∓ γ e B + δ N,(±1) , where ∆ ZS is the zero-field splitting and δ N,(±1) is the frequency shift. The effective coupling strengths between the FQ and the NV spin transitions are denoted as g (±1) , corresponding to Eq. (15) with ω N → ω N,(±1),eff (B). The subscripts (±1) in the expression (and in the following), stand for the transitions between |0 N and |±1 N , respectively. The operators S (±) N,(±1) with superscript ± denote the raising and lowering operators, respectively. Now we move to the interaction picture through the unitary transformation U = exp(−itH 0,eff ), where
the first two terms of the effective Hamiltonian given by Eq. (16) with magnetic field B = B res , where B res is the magnetic field strength applied to the NV-center spin when the transition between |0 N and |−1 N matches the energy gap of the FQ (see Fig. 2 ). Then the effective interaction Hamiltonian H int becomes
and
When δ B,−1 is tuned to zero, i.e., B = B res , the g (−1) coupling terms start to transfer the quantum state from the FQ to the NV-center spin and the fast oscillating components in the g (+1) terms can be effectively neglected. We initially prepare the NV in the ground state, |ψ N (0) = |0 N . Suppose that the FQ is in a general state characterized by angles θ and φ. Then the joint state is
After a transfer time t = π/(2g (−1) ), the target state in the interaction picture becomes
Once the state has been transferred to the NV-center spin, we turn off the coupling effectively by enlarging the mismatch of the frequencies between the FQ and the NV-center storage qubit. The quantum state can thus be stored for better coherence with dephasing time characterized by the NV-center spin's T 2 time. To retrieve the state from the NV-center storage qubit to the FQ, we tune to the NV-FQ resonance again. After a time t 1 = π/(2g (−1) ), the original state is restored in the FQ degrees of freedom
with an additional phase φ s that comes from the coherent evolution during the storage time t 2 and since this is known it can be corrected.
IV. RESULTS AND DISCUSSION
We present the numerical results together with discussions to verify our scheme here. Before proceeding with our numerical calculations for the fidelity performance, we first describe the system parameters used. It is assumed that the YIG is a sphere of radius about 45 nm and contains about 10 6 spins. A local magnetic field B L is generated by placing a micromagnet [19] 
3 with a uniform perpendicular magnetization of about a hundred Gauss at a vertical distance ∼25-50 nm from the YIG. With this local magnetic field, the frequency of the KM can reach GHz levels; furthermore, by varying an external magnetic field the frequency difference (ω F − ω K ) can achieve a typical value of about 170 MHz. Since the direction of B L is parallel to the plane of the FQ, the FQ is insensitive to B L . Furthermore, because the transverse distance from the micromagnet boundary at which B L drops to 0, is smaller than 0.1 µm [19] , if r F is considerably larger than the sum of this transverse distance and the distance from the YIG to the left boundary of the micromagnet (see Fig. 1 ), we can realize local magnetic field control for the YIG without disturbing the FQ. Therefore, by choosing a relatively large value of r F ∼ 0.25 µm and using a FQ with I p =500 nA and a diamond with a single NV spin at a distance r N ∼ 60 nm from the YIG, we can estimate the effective coupling strength g F N,eff to be about 350-700 kHz according to Eqs. (A12), (A14), and (B14). The frequency shifts of both the FQ and NV-center spin due to the YIG coupling [see Eqs. (B8) and (B9)] are at about hundreds kHz, and are thus rather small and negligible in comparison with their own frequencies in the GHz range.
Following the exposition of the system parameters, we now continue to show the numerical results and we plot the dynamics of the transfer process in Fig. 3 . We choose the case where the effective coupling strength is 700 kHz and where the initial state is Φ1 /2 = 1 /2 |1 F , 0 N + 1 /2 |0 F , 0 N since this state is, in a more realistic situation considered later, influenced the most by the dephasing effect. During the transfer process (whose duration is 0.36 µs), |1 F , 0 N is transferred to |0 F , −1 N , while |0 F , 0 N is left unchanged. The population of the other states remains zero, except that the |0 F , 1 N state has a small probability (∼ 10 −7 ) as shown in Fig. 3(b) . This small probability is due to the detuning between the transition frequency from |0 N to |1 N and the frequency of the FQ, and one can reduce this probability further by making the detuning larger.
To simulate the state transfer and storage processes in a more realistic setting, we use the master equation [22] , which takes into account both spontaneous decay and pure dephasing of the FQ and the NV-center spin,
where are the spontaneous decay and the dephasing rates, respectively, of the species q. Note that they are related to the relaxation time T 1 and decoherence time T 2 as T 1 = 1 /γ (s) and T 2 = 2 /(γ (s) +2γ
(p) ), respectively [22] . It has been reported recently that both the intrinsic T * 1 and T * 2 of FQ's could be about 10 µs at 33 mK [23] and the value of the intrinsic T * 2 of an NV-center spin could be about 90 µs at room temperature [24] . Furthermore, it has been shown that by applying dynamical decoupling pulse sequences, T 1 of ensembles of NV spins could be more than 10 sec and T 2 could be about 0.6 sec at 77 K [25] . In the simulations, the relevant decoherence times in the state transfer stage are the intrinsic T * 1 and T * 2 times of the FQ and the NV-center spin. In the state storage stage, however, the NV-center spin is effectively decoupled from the YIG and FQ due to the large detuning and thus dynamical decoupling pulse sequences can be applied to protect the NV from decoherence to maintain the transferred state. Consequently, we can use the T 1 and T 2 values of the NV-center spin measured using dynamical decoupling [25] to estimate the fidelity in the state storage stage. Furthermore, the decoherence times of a NV center solely due to a coupling to a ferromagnet YIG have been estimated in Ref. [17] , and theses times depend sensitively on the ratio of the magnon excitation gap to the YIG temperature. It has been shown that for a magnon gap of 100 µeV and a temperature of 0.1 K, these times are typically much larger than the (intrinsic) decoherence times of the NV [17] . In other words, the induced decoherence solely due to coupling to the YIG for temperatures smaller than the magnon excitation gap is nondetrimental [17] . In our scheme, all of the components (the FQ, YIG, and NV) of the qubit and quantum memory are at the same low temperature as that of the FQ. Moreover, because of the small size of the YIG and the applied magnetic field, this ratio of the magnon excitation gap to the temperature in our scheme is even bigger than that used for estimation in Ref. [17] . As a result, the effect of the induced decoherence solely due to coupling to the YIG will be neglected in our simulations.
The effect of the linewidth of the YIG nanosphere can also be neglected. The linewidths of the KM of a single YIG sphere with submillimeter size have been measured to be about 1-2 MHz [12, 13] . Although linewidth measurement on a single YIG nanosphere is, to our knowledge, not available so far, a close case of YIG nanodisks with thickness about 20 nm and diameter ranging from ∼300-700 nm has been reported in Ref. [26] . There, the linewidth of the uniform mode, i.e., the lowest-energy ferromagnetic resonance mode of a nanodisk, was measured to be about 7 MHz for a nanodisk with diameter 700 nm at frequency 8.2 GHz. However, since this measurement was performed at room temperature and the nanodisks with different diameters are arranged in a row with 3 µm spacing (i.e., not completely a single-disk measurement), one may expect that the linewidth could be narrower if the measurements were performed for a actual single nanodisk at a low temperature of tens of mK and at the frequency down to the value of ∼ 2 GHz as in our proposal. Furthermore, the linewidths of the nanodisks do not change much with the diameter [27] , at least within the range investigated in Ref. [26] . One may thus expect that the linewidth of a YIG nanosphere without surface defects at low temperature could be similar or at most at a few MHz level, which is still much smaller than the detuning (≥ 170 MHz) between the YIG nanosphere and other quantum systems in our proposal. Consequently, the effect of the linewidth of the KM of the YIG nanosphere does not appreciably affect the virtual excitation or virtual coupling picture in our proposal and thus is neglected in the subsequent calculations after the degrees of freedoms of the YIG are traced out.
We then take the values of the decoherence and relaxation times at higher temperatures [24, 25] to make a conservative evaluation of the performance of our quantum memory scheme through the fidelity of the state
where |Ψ is the target state and ρ is the actual system density matrix. We can transform the Hamiltonian to the rotating frame to obtain H int as in Eqs. (17)- (19) . Since during the storage stage the system is tuned to be offresonant, i.e., δ B,(−1) g (−1) , the total system approximately undergoes free evolution during this stage. The fidelities of the quantum state memory for initial states |Φ 1 and Φ1 /2 are shown in Table I , in which results that make use of more conservative values for T * 2 = 20 µs for the NV center are also presented. The initial states |Φ 1 and Φ1 /2 are chosen because they are influenced the most by the spontaneous decay and dephasing effect, respectively. We have also simulated for different initial states of
and the result shows that |Φ 1 has the worst fidelity. This is because during the transfer stage, the main factor causing infidelity is the decoherence of the FQ, and T * 1 and T * 2 of the FQ is about the same in our case so that the spontaneous decay rate is larger than the dephasing rate. Furthermore, in the transfer stage, switches take place between |Φ 1 = |1 F , 0 N and |0 F , −1 N , while the state |Φ 0 = |0 F , 0 N is unchanged. When the portion of |Φ 1 in a general initial state decays into |0 F , 0 N , the state transfer process of that portion will stop and will cause infidelity. This results in the initial state |Φ 1 being the worst possible case for the parameters we used. Nevertheless, if the effective coupling is stronger through the use of a YIG moderator containing more spins or if the FQ possesses a longer coherence time [28] , the fidelity can be appreciably enhanced.
In our scheme, the state transfer interaction can be effectively turned on and off depending on whether or not the NV storage qubit is resonant with the FQ. We thus can attempt to consider engineering a near-perfect step function of the external magnetic field δB from 0 G (off) to 80 G (on). We choose the maximum magnetic field strength such that it is still lower than the critical field of the FQ (the critical field is 100 G for FQ made of aluminum; could be higher if made of other superconductor) [29] . However, due to technical limits on the charging and discharging times of circuits, the ramping of the magnetic field cannot be instantaneous and we take this rise time into account. We assume a variation of the magnetic field over 200 G in 10 ns, similar to what has been reported in experiments [30] . In our simulation, δB is switched from 0 to 80 G with either a linear or exponential ramping over a duration of 4 and 10 ns (see Fig. 4 ). The results shown in Table II indicate that the linear ramping has slightly lower fidelity than the exponential ramping. This is due to the fact that the linear ramping makes the system stay in the near-resonance regime longer and thus subject to FQ decoherence longer. Shorter rise times of the magnetic field can also improve the fidelity or, alternatively, one can fine tune the transfer time to correct the rise-time and fall-time effects. 
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V. CONCLUSION
We have demonstrated how to couple a superconducting FQ with a single electron spin of a NV-center spin via a collective KM in a ferromagnetic material, YIG. This scheme enhances the effective coupling between the FQ and the NV-center spin, allowing the single-NV-center spin to interact with the FQ at a longer spatial distance. This provides greater flexibility for the design of hybrid quantum systems. We have proposed a protocol for quantum state memory and presented a quantitative analysis of the state transfer, taking into consideration the possible decay channels and imperfect technical issues. This YIG architecture can be used not only as a quantum memory but also as a quantum transducer that couples a single-NV-center spin with other kinds of qubits or with a magnetic field. Here we describe how the magnons in YIG couple to the FQ or the single-NV spin, and give a detailed derivation of their coupling strengths. The Hamiltonian of a FQ can be written as
F , where ω F is the energy of the tunnel splitting, = 2I p (Φ − Φ 0 /2) is the energy bias, I p is the persistent current of the FQ, Φ 0 is the fluxon, and Φ is the external flux. If Φ is tuned to the optimal point with Φ = Φ 0 /2 so that = 0, then one has
F . As discussed in the main text, the FQ-YIG coupling comes from the Zeeman-like interaction of the spins in the YIG experienced in the magnetic field B F (r) produced by the persistent current of the FQ (see Fig. 1 ). Since the persistent current carried by the side wire of the FQ loop near the YIG is along the z axis, the magnetic field B F (r) =
F generated by this persistent current is in the x axis of the YIG [18] . Then the coupling Hamiltonian reads
where r F is the distance between a spin in the YIG and the FQ. The YIG-NV coupling Hamiltonian through the dipole-dipole interaction is written as
Due to the external magnetic field B applied in the z direction, which makes the frequencies ω N and γ e B much larger than the dipole-dipole coupling strength, we can apply the secular approximation to rewrite Eqs. (A2) as
where r N is the distance between a spin in the YIG and the NV spin, and θ r N is the angle between the vector, which connects the NV and the spin in YIG, and the direction of the external magnetic field. We can rewrite this Hamiltonian as
Magnons are low-energy spin-wave excitations, which are used to describe the collective behavior of the spins in YIG. Since the system of the quantum memory is at a temperature much lower than the Curie temperature of YIG, T c =559 K, and the YIG is in an off-resonant coupling regime to the FQ and NV-center spin, one expects the excitation number to be very small. In this lowtemperature and low-excitation regime, it is convenient to use the Holstein-Primakoff transformation [17, 20] ,
to transform the spin operators in the YIG into bosonic operators, where each operator is associated with a particle coordinate. Using the creation and annihilation operators of the magnon modes in the wave-vector representation, 
with the coupling strength
Similarly, the YIG-NV coupling reads
is the coupling strength between the YIG and NV-center spin. Using Eq. (A6), one can also rewrite Eq. (A5) as = n K being the mean occupation number of the KM (similar to a mean-field approximation). This is a good approximation as the YIG is in a low-temperature and lowexcitation regime. Since H c = H F Y + H Y N , we can rewrite Eq. (B4) by categorizing the terms of the commutators after a trace over the YIG degrees of freedom into two types,
The first type in Eq. (B5) reads
where 
Then, integrating it over time as in Eq. (B6), one obtains
where the constant energy term containing the identity operator I F can be ignored, and n K → 0 since the system is operated in a virtual-excitation regime. Equation ( 
with
We now show how to obtain Eq. (B13) from Eq. (B12). Following the same approach as in Eqs. (B10) and (B11), the first term of the commutator in Eq. (B12) reads
The second term of the commutator in Eq. (B12) can be evaluated in a similar way and combining with Eq. (B15) give the results of Eqs. (B13) and (B14). Combining all these results, one arrives at the effective Hamiltonian of Eq. (12) .
